Horndeski gravities are theories of gravity coupled to a scalar field, in which the action contains an additional non-minimal quadratic coupling of the scalar, through its first derivative, to the Einstein tensor or the analogous higher-derivative tensors coming from the variation of Gauss-Bonnet or Lovelock terms. In this paper we study the thermodynamics of the static black hole solutions in n dimensions, in the simplest case of a Horndeski coupling to the Einstein tensor. We apply the Wald formalism to calculate the entropy of the black holes, and show that there is an additional contribution over and above those that come from the standard Wald entropy formula. The extra contribution can be attributed to unusual features in the behaviour of the scalar field. We also show that a conventional regularisation to calculate the Euclidean action leads to an expression for the entropy that disagrees with the Wald results. This seems likely to be due to ambiguities in the subtraction procedure. We also calculate the viscosity in the dual CFT, and show that the viscosity/entropy ratio can violate the η/S ≥ 1/(4π) bound for appropriate choices of the parameters.
Introduction
In the dictionary of gravity/gauge duality mappings in the AdS/CFT correspondence [1] [2] [3] , perturbations of the metric are related to the energy-momentum tensor of the field theory in the boundary of the AdS spacetime [2] [3] [4] . In this picture, an AdS planar black hole is the gravitational dual of a certain ideal fluid. A widely valid relation between the shear viscosity and the entropy density was established, namely [5] [6] [7] [8] 
the relation (1.1) of the boundary theory is dual to a generalised Smarr relation obeyed by the bulk AdS planar black holes, thereby providing a new understanding of its universality, and its connection to the black hole thermodynamics [13] . There have been a number of papers in literature establishing the universality of the ratio (1.1) [14] [15] [16] [17] . (See [18] for a review.)
The viscosity/entropy ratio (1.1) can, however, be violated when the bulk gravity theory is extended by the addition of higher-order curvature terms [19, 20] . 1 (See also, for further examples, [25] [26] [27] .)
This leads us to one of the motivations for this paper, which is to investigate whether one can violate the ratio (1.1) without introducing higher-order curvature terms in the bulk theory. In a typical theory of Einstein gravity, matter fields couple to gravity minimally through the metric. A scalar field can also couple to gravity non-minimally, such as in
Brans-Dicke theory [28] , where the effective Newton constant varies in spacetime. However, it was established in [13] that the ratio (1.1) holds in general in such a theory. Scalar fields can, however, also couple non-minimally to gravity in other ways. In particular, their derivatives can couple to the curvature tensor. Horndeski considered a wide class of such gravity/scalar theories in the early seventies [29] , focusing his attention on cases where the field equations, both for gravity and the scalar field, involve no higher than second derivatives. The Horndeski theories were rediscovered recently in studies of the covariantisation of Galileon theories [30] .
The Horndeski terms take the form 2) where the E (k) tensors are "energy-momentum tensors" associated with the Euler integrands of various order, namely
3)
The H (k) terms are analogous to Euler integrands, in that they have the property that each field carries no more than a single derivative and hence the linearized equations of motion involve at most second derivatives. Thus although the theory involves higher-order derivatives, it contains no linear ghost excitations. In this paper, we shall consider Einstein gravity with a cosmological constant, together with just the two lowest-order Horndeski terms, namely 4) where G µν is the Einstein tensor. We find that although the theory contains the curvature tensor only linearly, the viscosity/entropy ratio (1.1) no longer holds.
It is worth commenting that the viscosity can be computed by standard procedures using the AdS/CFT correspondence, involving the straightforward technique of studying linearised perturbations around the background bulk solution. The calculation of the viscosity/entropy ratio then hinges upon the proper definition of the entropy of the black hole. Since Hawking established the thermal radiation of a black hole [31, 32] , there has been no ambiguity in establishing the black hole entropy in a generally-covariant theory.
In particular, in Einstein gravity minimally coupled to matter, the entropy is given by one quarter of the area of the horizon. This area law has been generalized to the Wald entropy formula when more complicated couplings or higher-order curvature terms are involved, namely [33, 34] 
where L is defined by the action I = d n x √ −gL. Applying this formula to static black holes with spherical, toric or hyperbolic isometries, the Horndeski terms (1.4) do not contribute to the Wald entropy S W , and hence one might expect that the entropy would still be just one quarter of the horizon area. However, we find that this is in fact not the case. By examining the Wald procedure [33, 34] in detail, we find that in a theory such as Horndeski gravity there is an additional contribution to the entropy that is not encompassed by the usual Wald formula (1.5). It arises because the derivative of the scalar field diverges on the horizon in the black-hole solutions (although there is no physical divergence, since all invariants, such as g µν ∂ µ χ ∂ ν χ, remain finite).
The paper is organised as follows. In section 2 we introduce the Horndeski theory that we shall be considering, and we review the static black hole solutions. These are known for all the cases of spherical, toroidal and hyperbolic horizon geometries. Our focus will be on the spherical and the toroidal horizons. We also include a demonstration of the uniqueness of the known static solutions. In section 3 we address the problem of calculating the entropy, and also the mass, of the static black holes. We begin by calculating the entropy using the standard Wald formula (1.5), and then we consider the application of the Wald formalism in more detail, showing that there is another contribution to the entropy that is not captured by (1.5). We show that in the case of the planar black holes (with toroidal horizons), the entropy expression we obtain is consistent with the computation of the Noether charge associated with a scaling symmetry of the black holes. We also consider the calculation of the Euclidean action, showing that, at least when following a naive regularisation procedure, this yields yet another result for the entropy, and the mass, that disagrees with those from the Wald formalism. In section 4 we calculate the shear viscosity in the dual boundary theory using the AdS/CFT correspondence, and hence we obtain an expression for the viscosity/entropy ratio. This is different from 1/(4π) on account of the Horndeski term, and we show that for an appropriate choice of the parameters it can violate the η/S ≥ 1/(4π) bound. The paper ends with conclusions in section 5.
Black Holes in Horndeski Gravity

The theory
As we have discussed in the introduction, Horndeski gravity represents a class of higherderivative theories involving gravity with a non-minimally coupled scalar. The couplings differ from those in the Brans-Dicke theory, since in the Horndeski theories the scalar couples through its derivative to the curvature tensors. We shall focus on the Horndeski theory whose Lagrangian involves at most only linear curvature terms. As we shall show, the viscosity/entropy ratio (1.1) can be violated even in such a theory. The action is given
where κ, α and γ are coupling constants, and G µν ≡ R µν − 1 2 R g µν is the Einstein tensor. Note that the theory is invariant under a constant shift of χ. In a typical gravity theory with a scalar field, such as Brans-Dicke theory, one can define different metric frames by means of conformal scalings using the scalar field. However, for the Horndeski theory (2.1), this would lead to the breaking of the manifest constant shift symmetry of the scalar, and hence it would not be a natural field redefinition to make here.
The variation of the action (2.1) gives rise to
where
The total derivative term in (2.2) plays no role in the equations of motion
However, it does play an important role in the Wald formalism, which we shall present in section 3.2.
Static black hole solutions
We now consider static black holes, with the ansatz
where dΩ 2 n−2,ǫ with ǫ = 1, 0, −1 is the metric for the unit S n−2 , the n-torus or the unit hyperbolic n-space. It is convenient to take dΩ 2 n−2,ǫ =ḡ ij dy i dy j for general values of ǫ to be the metric of constant curvature such that its Ricci tensor is given byR ij = (n − 3) ǫḡ ij .
We may, for example, take dΩ 2 n−2,ǫ to be given by
where dΩ 2 n−3 is the metric of the unit (n − 3)-sphere. It is clear from the equations of motion that χ = χ 0 (constant) is a solution, in which case, the Horndeski gravity reduces to Einstein gravity with a cosmological constant Λ 0 . It follows that the Schwarzschild-AdS black hole is a solution of the theory. We shall regard this solution as being "trivial," in the sense of not yielding anything new. In addition, a one-parameter family of black hole solutions for which the scalar field is not a constant was constructed in [35] . (See also, [36, 37] .) In this section, we would like to prove that these are the only black hole solutions from the ansatz (2.5) in which the scalar is r-dependent.
First, we review the construction in [35] .
The scalar equation of motion E = 0 yields
There are two more equations that follow from E µν = 0:
In [35] , a class of black hole solution was obtained by solving (2.7) by taking
(In other words, the integration constant in the first integral of (2.7) was taken to be zero, and χ ′ was allowed to be non-zero, thus implying that its co-factor, given in (2.9), must be equal to zero.) This leads to the solution
which is valid for all values of ǫ. In presenting the solution, we have introduced two parameters (g, β) in place of the original parameters (α, Λ 0 ) in the Lagrangian, with
Note that the solution contains only one integration constant, µ. All other parameters are those of the theory itself. Note also that since the dimension n is an integer, the hypergeometric function reduces to polynomials with an arctan function in even dimensions, and with a log function in odd dimensions. To be explicit, we have n = even : (2.12)
where we use the notation [F (x)] m to denote the truncated power series expansion of F (x) around x = 0, in which only the terms up to and including x m are retained. Thus
for n even and n odd, respectively.
For static solutions of this kind, it is in fact always sufficient to construct the solution with ǫ = 1. The solutions for all other values of ǫ, which we presented above, can then be obtained from the ǫ = 1 solution by means of the rescalings
From now on, we shall present results for the two specific cases ǫ = 0 and ǫ = 1.
When ǫ = 0, the solution reduces to the very simple form
Note that in this ǫ = 0 case, χ can be solved for explicitly, giving
Thus the ǫ = 0 solution describes an AdS planar black hole, with the requirements that µ > 0 and β ≥ 0. The horizon radius r = r 0 is given by µ = g 2 r n−1 0
. The Hawking temperature is given by
For ǫ = 1, the solution describes a spherically-symmetric and static black hole. In a large-r expansion, if n is even the functions h and f have the asymptotic forms 19) where (c k , d k ) are constants, which are functions of the parameters (κ, g, β) but independent of µ. If n is odd, then for k = (n − 3)/2, the quantity c k has an additional term proportional to log r. This amounts to a logarithmically diverging addition to the mass coefficient µ at order 1/r n−3 . This in turn implies that d k has additional log r terms for all k ≥ (n − 3)/2.
Note that all the (c k , d k ) vanish for ǫ = 0.
The metric is asymptotic locally to AdS spacetime, and it cannot become pure AdS spacetime, regardless of the choice of the parameter µ. To see that the solution describes a black hole, we note that h is positive as r goes to infinity, but becomes of order −µ/r n−3
as r → 0, where there is a spacetime curvature singularity. Thus when µ > 0, there must exist some intermediate value of r, be an event horizon r = r 0 , for which
This implies that the parameter µ can be expressed in terms of the horizon radius r 0 in this
Note that this relation between µ and r 0 is far more complicated than the simple expression
that holds in the ǫ = 0 case. The temperature of the ǫ = 1 black hole is given
Note that if we set µ = 0, then the solution has no event horizon, and near r = 0 the functions h, f and χ have the forms
Thus the µ = 0 solution is a smooth spherically-symmetric soliton, without any free parameters, that is asymptotic locally to AdS spacetime. There also exists a solution for ǫ = 1 in the limit of 4κ + βγ = 0, but it does not describe a black hole.
Uniqueness of the Horndeski black hole solutions
We shall leave the discussion of the mass and entropy of the black holes to the next section.
To close this section, we shall show that the solutions discussed above are in fact the only black holes with non-constant χ that are contained within the ansatz (2.5) in the theory.
To show this, we return to the equation of motion (2.7) for the scalar field. One can immediately write down the first integral
where q is an integration constant. The solutions we discussed above were obtained by taking q = 0. It was possible to find such solutions with χ ′ = 0 by imposing the relation (2.9), which in fact rendered the scalar equation of motion (2.7) trivial. If instead we take the integration constant q to be non-zero, then χ ′ is now determined by (2.24).
If a solution with q = 0 is to describe describe a black hole, there must be an event horizon at some radius r = r 0 . The functions h and f near the horizon will have Taylor expansions of the form
It follows from (2.24) that χ ′ near the horizon has the expansion
Substituting these expansions into the other equations of motion, we find that no such solutions can exist. In other words, the assumption that there exists a horizon, near which the expansions (2.25) would hold, is inconsistent with the equations of motion when q = 0..
In order to have a solution with a horizon, we must therefore set q = 0, which then reduces to the previous case discussed above. However, as mentioned already, in order for this solution not to be trivial, i.e. for χ ′ to be non-vanishing, we must then also impose the condition (2.24). This leads the to the black hole solution (2.10).
In the near-horizon region, the function χ in the black-hole solutions (2.10) has an expansion of the form
Substituting back into the equations of motion, we find that all the coefficients in the expansions can be expressed in terms of two parameters, h 1 and r 0 . For example,
Thus the solution has three integration constants (χ 0 , h 1 , r 0 ). However, the parameters (χ 0 , h 1 ) are trivial. It follows that the only non-trivial parameter is r 0 , which is determined by µ in the final solution.
Finally we would like to emphasize again that β is not an integration constant, but a parameter of the theory. For β = 0, there are two black holes, but each associated with a different vacuum. When β = 0, there is only the Schwarzschild-AdS black hole solution in the theory.
Black Hole Entropy and Thermodynamics
In the previous section, we reviewed the Horndeski gravity theory, and its static black hole solutions. We identified the horizon and computed the temperature of these black holes.
In this section, we consider various possible methods for calculating their entropy. It turns out that different well-established methods yield different answers. A correct answer of the entropy is important for studying the black hole thermodynamics, and it is paramount for determining the η/S ratio, as we discussed in the introduction.
Wald entropy formula
First let us consider the well-known Wald entropy formula (1.5). It is straightforward to see that for the Horndeski Lagrangian L given in (2.1), one has
where we have defined χ µ = ∂ µ χ. For the static black holes in the Horndeski theory, described in section 2, we find from (3.1) that the Wald entropy formula (1.5) for the entropy gives the same result as in standard Einstein gravity, namely one quarter of the area of the event horizon,
where ω n−2 is the volume of a unit S n−2 in the ǫ = 1 case. For ǫ = 0, corresponding to a toroidal horizon, the periods of the circles forming the torus can be chosen arbitrarily, and we shall, for convenience, then take ω n−2 = 1 in this paper, and so correspondingly S should then be viewed as the entropy density.
Since the static black hole solutions are characterised by only one parameter (i.e. one integration constant), it is guaranteed that one can obtain an expression for a "thermodynamic mass" by integrating the first law of black hole thermodynamics 2
If we use the expression (3.2) for the entropy, then from the result for the Hawking temperature obtained in the previous section we therefore find
Note that in the ǫ = 0 case it was straightforward to express the mass in terms of the "mass parameter" µ, because of the simple relation µ = g 2 r n−1 0 for these planar black holes. On the other hand, the relation between µ and r 0 is much more complicated in the ǫ = 1 case, and is given in (2.21). Thus when ǫ = 1 the expression (3.5) for M would become a complicated transcendental function of the mass parameter µ.
On the face of it, the mass formula (3.4) for the ǫ = 0 case looks not unreasonable. In fact the thermodynamical quantities satisfy also the expected generalised Smarr relation
However, for the ǫ = 1 case, the mass formula (3.5) looks less reasonable. As mentioned above, it would be a complicated transcendental function of the "mass parameter" µ. Whilst this fact, of itself, does not conclusively show that it must be incorrect, it does perhaps raise doubts about its likely validity, since it would be a very unusual kind of relation that is not normally seen in other black hole solutions. Furthermore, if the ǫ = 1 mass formula is called into question then this also raises questions about the validity of the ǫ = 0 mass formula.
In order to explore these issues in greater depth, we shall make a more detailed investigation of the Wald procedure, in order to see whether there are new subtleties that can arise in a theory such as that of Horndeski.
Wald formalism
Wald has developed a procedure for deriving the first law of thermodynamics by calculating the variation of a Hamiltonian derived from a conserved Noether current. The general procedure was presented in [33, 34] . The Wald entropy formula (1.5) is a consequence of applying this procedure in rather generic higher-derivative theories. The Wald formalism has been used to study the first law of thermodynamics for asymptotically-AdS black holes in variety of theories, including Einstein-scalar [39, 40] , Einstein-Proca [41] , Einstein-YangMills [42] , in gravities extended with quadratic-curvature invariants [43] , and also for Lifshitz black holes [44] . However, the rather unusual-looking results that it led to for the mass of the ǫ = 1 black holes in section 3.1 raised the possibility that the formula (1.5) might not be valid for Horndeski gravity. For this reason, we shall now study in detail the application of the Wald formalism for the action (2.1).
A general variation of the fields in the action (2.1) was given in (2.2). The surface term J µ is given by
with
Following the Wald procedure, we can now define a 1-form J (1) = J µ dx µ and its Hodge dual
We now specialise to a variation that is induced by an infinitesimal diffeomorphism δx µ = ξ µ . One can show that 10) after making use of the equations of motion. Here i ξ denotes a contraction of ξ µ on the first index of the n-form * L 0 . One can thus define an (n − 2)-form Q (n−2) ≡ * J (2) , such that J (n−1) = dQ (n−2) . Note that we use the subscript notation "(p)" to denote a p-form.
To make contact with the first law of black hole thermodynamics, we take ξ µ to be the time-like Killing vector that is null on the horizon. Wald shows that the variation of the Hamiltonian with respect to the integration constants of a specific solution is given by
where c denotes a Cauchy surface and Σ (n−2) is its boundary, which has two components, one at infinity and one on the horizon. Thus according to the Wald formalism, the first law of black hole thermodynamics is a consequence of
For the Horndeski gravity considered in this paper, we find
To specialise to our static black hole ansatz (2.5), the result for the Lagrangian with γ = 0 is well established (see, for example, [39, 40] ), and is given by
We find that the contributions associated with the γ term in the action are given by
We now apply the Wald formalism to the black hole solutions. First, we note that as a consequence of equation (2.9), when we add the contributions in (3.14) and (3.15) the χ ′ δχ in the total expression cancel, giving the result
In fact, as can be seen from the expression for χ ′ 2 in for the black hole solutions in (2.10),
we have δ(f χ ′ 2 ) = 0, and so (3.16) can be further simplified, to give
We first consider the simpler case of the ǫ = 0 AdS planar black holes, for which f χ ′2 = β. We find
Thus we see indeed that δH ∞ = δH + , since µ = g 2 r n−1 0
. This implies that that we can define the mass and entropy as 19) such that
The first law of black hole thermodynamics (3.3) then follows straightforwardly from the Wald identity (3.12). However the factor 1 + βγ/(4κ) in both the entropy and the mass disagrees with the results in (3.2) and (3.4) that we obtained in section 3.1 from a direct application of the Wald entropy formula (1.5) and the integration of the first law dM = T dS.
The case of the spherically-symmetric black holes with (ǫ = 1) is more complicated. We find that δH evaluated on the horizon takes the general form
where f 1 andχ 1 are coefficients in the near-horizon expansions defined in (2.25) and (2.27).
For our specific ǫ = 1 solution, we have
Thus if we define δH + = T dS, with T given in (2.22), we find that the entropy is given by Note that the first term inside the square brackets gives precisely the result we saw earlier (3.2) for Wald entropy S W , derived using the formula (1.5). The remaining contribution in the square brackets is proportional to γ, the coefficient of the Horndeski term in the action (2.1).
To derive the first law, we evaluate the δH at asymptotic infinity, and we find 24) This implies that the mass is given by
This turns out to be the exactly the same form as that in the ǫ = 0 AdS planar black hole.
It is now straightforward to verify that the first law (3.3) is indeed satisfied. Note that χ 0 , being a constant shift integration constant of χ, plays no role in the first law.
It is worth commenting that for the ǫ = 0 solutions, the masses we obtained in (3.4) and in (3.19) by the two different methods are both proportional to µ. The only difference is in the constant prefactor coefficient. This on its own makes it difficult to judge which is the more reasonable result. However, when ǫ = 1, the difference becomes more striking. The result (3.25) from the detailed Wald procedure that we presented in this paper is seemingly more plausible, for two reasons. Firstly, the mass is simply proportional to the parameter µ, instead of being a convoluted transcendental function of µ. Secondly, the mass dependence on µ is the same for both the ǫ = 0 and ǫ = 1 solution. In solutions with no additional scalar hair, and since the ǫ = 0 solution can be obtained as a scaling limit of the ǫ = 1 solution, this conclusion would seem to be reasonable.
Further comments on the entropy from Wald formalism
Having derived the first law of thermodynamics and also the entropy in section 3.2, using the general Wald formalism, we now examine the somewhat unusual features of the black holes in Horndeski gravity that lead to the breakdown of the standard Wald entropy formula (1.5). It follows from (3.13) that for the static ansatz (2.5) that
where the hatted indices are tangent-space indices, the semicolon denotes a covariant derivative and
Note that 0 is the time direction and 1 is the r direction. The expression for T µνρσ for the Horndeski gravity is given by (3.1). Typically, one evaluates Q (n−2) on the horizon at r = r 0 , with h = h 1 (r − r 0 ) + · · · and f = f 1 (r − r 0 ) + · · · , and so the second term on the right-hand side of (3.26) vanishes and hence, as was observed in [33, 34] , we find
where S W is the standard Wald entropy, given by (1.5).
Establishing the variational identity (3.12) is more subtle, even for the standard case of Einstein gravity. It requires that we evaluate δQ on the horizon. Naively, one would simply obtain δT S W + T δS W from (3.28), and then one would expect that the δT S W term would be cancelled by the i ξ Θ contribution in (3.11), leading to
However, in order to evaluate the variation properly, we need to expand (3.28) up to order (r − r 0 ), since δ(r − r 0 ) = −δr 0 and so it is non-zero even in the limit when one sets r = r 0 on the horizon. The net effect is that all the terms in δQ (n−2) are cancelled out by terms in i ξ Θ, and in fact the T δS term arises from the remaining terms in i ξ Θ alone.
To be specific, let us examine δQ − i ξ Θ for a spherically-symmetric black hole in pure
Einstein gravity coupled to a massless scalar, as given by (3.14). If we first perform Taylor expansions of Q and i ξ Θ, as given in the first two equations in (3.14), around the horizon at r = r 0 , then indeed the above statement can be verified. The final equation in (3.14) gives an alternative but equivalent evaluation with the variation δQ, which makes the observation more apparent. We may evaluate δQ first, and then set r = r 0 . In this case, the r n−2 factor in Q κ,α just depends on the coordinate r, and hence is not varied. With this procedure, we find that all the terms in δQ κ,α are cancelled out by terms in i ξ Θ κ,α , leading to the third equation of (3.14). Thus using this procedure, we find that the δH + = T δS term for the usual Einstein gravity arises from the (n − 2)δf /r term in i ξ Θ in (3.14) . This term corresponds to
It is rather intriguing how this term is ultimately related to S W which involves only T 0101 .
Indeed, we see from (3.1) that in vielbein components, T0101 = − In the black holes of Horndeski gravity there are further subtleties. Firstly, the α term in i ξ Θ κ,α in (3.14) does not vanish for these solutions, and can contribute a term to the entropy that is not contained in S W . Furthermore, although the second term in (3.26) vanishes on the horizon, its variation does not. This extra term can be seen in the form of Q γ in (3.15). Thus (δQ − i ξ Θ) γ in (3.15) will give an additional contribution to the entropy that is over and above that of the standard Wald contribution S W . Thus we now have
However, the Wald identity (3.12), as we have seen, continues to hold. The non-vanishing contributions from both the α and the γ terms have the same essential origin, namely that the scalar field χ is not regular on the horizon, but rather, it has a branch cut singularity, as shown in (2.27).
One might question whether this is compatible with the interpretation of the solutions as black holes. However, as we have remarked in section 2.1, the scalar χ in Horndeski gravity is like an axion, in the sense that it enters the theory only through its derivative. In particular, therefore, it would not be natural to define different conformally-scaled metric frames (in the manner that one does with the dilaton in string theory), since that would break the manifest axionic shift symmetry of χ. Furthermore, all invariant polynomials constructed from ∂ µ χ with the metric and the Riemann tensor are regular on the horizon. For example, g µν ∂ µ χ ∂ ν χ is finite and non-zero on the horizon. (These properties can be seen from the fact that the vielbein components of the gradient of χ are finite everywhere, including on the horizon, since one just has E μ 1
all other components vanishing, where E μ a is the inverse vielbein.) This supports the idea that these solutions admit a valid black hole interpretation, but at the price that the Wald entropy formula (1.5) no longer provides the complete expression for the entropy. However, the identity (3.12), and hence the first law of black hole thermodynamics, continue to hold, with the entropy being derived from the strict application of the Wald formalism.
Noether charge and mass of AdS planar black holes
In the previous subsections, we described two different methods for calculating the entropy and mass of the Horndeski black holes, one based on the use of the Wald formula (1.5) for the entropy, and the other based on a more detailed consideration of the Wald formalism.
In both these approaches, we did not use independent procedures to calculate the mass and entropy, but rather, we relied on the use of the first law of thermodynamics to obtain one from the other. Since the black-hole solutions are characterised by only one parameter, there is no non-trivial integrability check, in the sense that the right-hand side of the first law dM = T dS would be integrable regardless of whether the expression for the entropy was correct or not. The fact that the two approaches led to different results calls for an independent check on the calculation of the mass, or the entropy. Even though the mass and entropy obtained from the Wald formalism in section 3.2 seems to be more reasonable, the mass is determined through an integration of the first law, rather than directly, in this case. A question one can ask is whether the mass is indeed a conserved quantity.
For the AdS planar black holes (i.e. the ǫ = 0 solutions), this question can be answered by means of a simple Noether calculation. For ǫ = 0, we rewrite the ansatz as
The effective one-dimensional Lagrangian becomes
where a prime denotes a derivative with respect to ρ. The Lagrangian is invariant under the global scaling
This global symmetry yields a conserved Noether charge
In terms of the coordinates of the original ansatz (2.5), we have
Substituting the AdS planar black hole solution into this Noether charge formula, we find
Thus we see that Q N is the same as the mass obtained from the Wald formalism in section 3.2, up to some purely numerical constants. This supports the conclusion that the mass and entropy obtained in section 3.2 are valid, whilst the results in section 3.1 are not.
Euclidean action
An alternative method that has been used for calculating thermodynamic quantities for black hole solutions is by means of the quantum statistical relation
first proposed for quantum gravity in [38] . Here Φ thermo denotes the thermodynamic potential, or the free energy, and I is the Euclidean action. The regularised Euclidean action was calculated for the ǫ = 1 Horndeski black hole in four dimensions in [35] . We have repeated that calculation, and obtained the same result (save for an overall factor of 2 discrepancy).
However, the resulting expressions for M and entropy are quite different from those in sections 3.1 or 3.2, and are given by
Note that when β = 0, for which the black hole reduces to the standard Schwarzschild-AdS one, we get M = The calculation for the ǫ = 0 AdS planar black holes (2.16) is much easier, and can be straightforwardly carried out for a general spacetime dimension n. The regularised Euclidean action can be defined by subtracting the action of the background µ = 0 vacuum from the action for the black hole itself, namely
where g
µν and χ (0) are the background field obtained by setting µ = 0 in the black hole solution (2.16). We find
Note that in this calculation, we have set ω n−2 = 1, so that the resulting extensive quantities are densities. Using the quantum statistical relation (3.38) and the thermodynamic first law (3.3), we then find that the free energy, mass, temperature and entropy for the ǫ = 0 black holes are given by
These expressions also disagree, in this case by constant overall factors, with the ǫ = 0 results obtained in sections 3.1 and 3.2. Taken in isolation, it would be hard to make any judgment as to whether these expressions were trustworthy or not. Interestingly the generalized Smarr relation (3.6) is also satisfied. However, the ǫ = 1 results (3.39) for the mass and the entropy certainly raise questions about the validity of this calculation using the Euclidean action.
There is another method that has been used in order to obtain a finite Euclidean action, by adding a surface term and a counterterm. Taking n = 4 dimensions as an example, the whole action is then given by 43) where I GH is the standard Gibbons-Hawking surface term, and for ǫ = 0, the counterterm is given by
44)
The γ in the square root is the determinant of induced metric γ µν . With these combinations, the total action is the same as the result of regularization. For ǫ = 1, the counterterm is
and the value of the action has an additional term linear the imaginary-time period (i.e.
inversely proportional to the temperature), in comparison to that of the regularized calculation above:
The effect on the thermodynamics is that the entropy is unchanged, but the mass acquires an additive contribution in the spherically-symmetric ǫ = 1 solutions, independent of the parameter in the solutions. This is not surprising, since when ǫ = 1, the µ = 0 solution is not vacuum AdS spacetime, but instead a smooth soliton, which has a constant mass. In the earlier regularisation by subtracting the background, this constant energy was subtracted out.
The question remains as to how one might reconcile the results for the entropy and the mass, as calculated from the regularised Euclidean action, with our previous, and different, results obtained using the Wald formalism. We do not have a definitive resolution to this puzzle, other than to suggest that because of the rather unusual features of the black-hole solutions in Horndeski gravity, it may be that the naive application of a subtraction procedure to obtain a regularised Euclidean action may be inherently ambiguous. In a somewhat related context, it was found in [45] that attempts to employ the Abbott-Deser method [46] to calculate the mass of asymptotically-AdS black holes foundered on ambiguities in the subtraction procedure in some cases, for solutions in gauged supergravities where scalar fields were involved. In the absence of a rigorous derivation of a valid subtraction scheme for the calculation of the Euclidean action, it seems that one could engineer different schemes that gave different results, with no guide as to which result should be regarded as the correct one.
Viscosity/Entropy Ratio
One of the motivations for this paper was to study the viscosity/entropy ratio in Horndeski gravity. Having obtained a formula for the entropy of the black holes, we are now in a position to proceed. To calculate the shear viscosity of the boundary field theory, we consider a transverse and traceless perturbation of the AdS planar black hole, namely
where the background solution is given by (2.11), (2.16) and (2.17). We find that the mode Ψ(r, t) satisfies the linearised equation
For an infalling wave which is purely ingoing at the horizon, the solution for a wave with low frequency ω is given by
Note that the constant parameter K is determined by the horizon boundary condition. The overall integration constant is fixed so that Ψ is unimodular asymptotically, as r → ∞.
In order to study the boundary field theory using the AdS/CFT correspondence, we substitute the ansatz with the linearised perturbation into the action. The quadratic terms in the Lagrangian, after removing the second-derivative contributions using the GibbonsHawking term, can be written as
Note that P 3 = 1 2 P ′ 2 . We then find that the terms quadratic in Ψ in the Lagrangian are given by
The last term , enclosed in square brackets, vanishes by virtue of the linearised perturbation equation (4.2), and so the quadratic Lagrangian is a total derivative. The viscosity is determined from the P 1 ΨΨ ′ term, following the procedure described in [6, 20] . Using this, we find that the viscosity is given by
We have, for the planar black holes, 8) and the entropy that we derived in section 3.2 using the Wald formalism is given by
We therefore find that the viscosity/entropy ratio is given by
for the Horndeski black holes. 3 Note that κ and β are both positive. For reality, we must have
When β = 0, which turns off the scalar field, the ratio goes back to the universal value of 1/(4π). When γ > 0, the ratio is less than 1/(4π) and hence the bound is violated. For γ < 0, the ratio is greater than 1/(4π).
Finally, we note that in terms of the original parameters of the theory (2.1), the viscosity/entropy ratio is given by
Interestingly, the ratio is independent of the parameter κ.
Conclusion
Motivated by applications for the AdS/CFT correspondence, we studied the black holes in a theory of Einstein gravity coupled to a scalar field, including a non-minimal Horndeski term where the gradient of the scalar couples to the Einstein tensor. There are two types of static black holes in this Horndeski gravity. One of these is the usual Schwarzschild-AdS black hole, for which the scalar field is constant. Our focus is on the other non-trivial one-parameter family of static black holes, for which the scalar depends non-trivially on the radial coordinate. Although the scalar has a branch-cut singularity on the horizon, it is axion-like and enters the theory only through a derivative. Furthermore, in an orthonormal frame, ∂ a χ is regular everywhere, both on and outside the horizon, and all invariants involving the scalar field are finite everywhere. We also demonstrated the uniqueness of these static black hole solutions in the theory.
We studied the thermodynamics of the black holes and found three surprises. The first is that the standard Wald entropy formula (1.5) does not give the complete expression for the entropy of these black holes. This can be attributed to the fact that the derivation of the Wald entropy (1.5) requires that the scalar be regular on the horizon. In fact, the branch cut singularity of the scalar on the horizon implies that there is an extra contribution to the entropy. We studied the Wald formalism in detail, and exhibited the new contribution explicitly. It turns out that the Wald identity (3.12) continues to hold for these black holes, and so does the first law of black hole thermodynamics. The entropy, however, is no longer given by (1.5), but can be determined from the implementation of the Wald procedure. We further established, using a simple construction of the Noether charge derivable from the scaling symmetry of the planar black holes, that the mass of the AdS planar black hole, as we derived from the Wald procedure, is indeed a conserved quantity.
The second surprise concerns the use of the quantum statistical relation E − T S = T I to calculate the thermodynamic parameters of the black hole solutions. In order to apply this method, it is necessary to calculate the Euclidean action I of the black hole solution. The problem is that a direct integration of the Euclideanised action yields a result that diverges at the upper end of the radial integration, and so it is necessary to adopt some regularisation procedure. We tried to apply two different such procedures. The first involved subtracting the diverging contribution of a background where the mass is set to zero from the diverging contribution from the black hole with non-zero mass. The other procedure involved adding a boundary counterterm. The two methods gave the same results for the mass and the entropy, but these results differed from those that we obtained by using the Wald formalism. The origin of this mismatch is not clear to us; it may be related to intrinsic ambiguities in the subtraction schemes that we used in order to regularise the divergences. Such ambiguities are possibly more likely in a theory such as Horndeski gravity, with its somewhat unusual features, and so regularisation schemes for calculating the Euclidean action that usually work in less exacting situations may need to be scrutinised more carefully here.
The third surprise concerns the results in section 4 for the viscosity/entropy ratio. In wide classes of conventional theories with no higher-derivative terms in the Lagrangian, one finds a rather universal result that η/S = 1/(4π). Counter-examples to the universality of the ratio have been found, but for isotropic situations such as we have considered they are always associated with higher-derivative gravities, such as Gauss-Bonnet or more general Lovelock gravities. As far as we are aware, our findings for the black holes in the Horndeski theory we studied in this paper provide the first example of the violation of the η/S = 1/(4π) result in a theory whose Lagrangian is at most linear in curvature tensor.
A word of caution about the use of the Wald formalism to calculate the entropy is perhaps appropriate here. If we consider Einstein-Maxwell theory as an example, the first law dM = T dS + ΦdQ for Reissner-Nordström black holes can be derived from the Wald formalism by calculating δH ∞ and δH + , and using the fact that δH ∞ = δH + . The ΦdQ contribution can either enter in δH + alone, if one uses the gauge where the potential vanishes at infinity, or in δH ∞ alone, if one uses the gauge where the potential vanishes on the horizon, or else in both δH ∞ and δH + , if one uses some intermediate gauge where the potential vanishes neither at infinity nor on the horizon. In the first law, only the potential difference Φ ≡ Φ + − Φ ∞ contributes. If the gauge where the potential vanishes on the horizon is chosen, then δH + = T δS and so δH + /T is an exact differential, which can be integrated to give the entropy, while δH ∞ = dM + Φ ∞ dQ, and is not exact. In the gauge where the potential instead vanishes at infinity, δH ∞ = dM , which is an exact differential, while δH + = T dS + Φ + dQ, and so δH + /T is not exact.
More complicated situations were encountered recently where asymptotically-AdS dyonically charged black holes were constructed in a four-dimensional gauged supergravity involving a scalar and a Maxwell field [47, 48] . It was found that δH ∞ was non-exact, and hence non-integrable, even when a gauge where the electric and magnetic potentials vanished at infinity was chosen, because of a varying contribution from the asymptotic coefficients in the large-distance expansion of the scalar field. The first law of black hole (thermo)dynamics, involving the scalar contribution, could nevertheless be derived using the strict Wald formalism [47] . The results were later generalised to black holes in general Einstein-scalar theories [39, 40] , Einstein-Proca theories [41] , and gravity extended with quadratic curvature invariants [43] .
Analogous issues could in principle arise when considering δH + : it is commonly the case that δH + on the horizon can be expressed as T δS. In a theory such as Einstein-Maxwell, this is a gauge-dependent property as we discussed above, and in order to have δH + /T be an exact differential in this case one would need to work in the gauge where the electric potential vanished on the horizon. In most theories that have been studied, the entropy is simply given by S W defined by the Wald entropy formula (1.5). The widespread validity of the Wald entropy formula is related to the fact that typically, matter fields vanish on the horizon of a black hole (and Maxwell potentials can be set to zero by means of appropriate gauge choices). In the Horndeski gravity considered in this paper, however, the axion-like scalar χ has an unusual behaviour near the horizon and near infinity, and indeed we have already seen that δH + = T δS W . We nevertheless assumed that it was still the case that δH + = T δS, i.e. that δH + /T could be integrated to define an entropy function. That δH + /T is integrable is guaranteed in the one-parameter family of solutions considered in this paper, since all 1-forms in one dimension are exact. In a multiple-parameter black hole solution, however, there does not appear to be any guarantee, a priori, that δH + /T must be a total differential in a theory such as Horndeski gravity. The non-integrability of the sort that occurs in δH ∞ in the dyonic asymptotically-AdS black holes we discussed above might also, in principle, occur for δH + /T on the horizon, if not all the fields are strictly vanishing on the horizon. It would be interesting to study this further in more general solutions in theories such as Horndeski gravities.
The findings in this paper indicate that Horndeski gravity, and its black hole solutions in particular, deserve further investigation both in their own right, and also in the context of the AdS/CFT correspondence.
